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EXISTENCE OF GLOBAL INVARIANT JET
DIFFERENTIALS ON PROJECTIVE HYPERSURFACES OF
HIGH DEGREE
SIMONE DIVERIO
Abstract. Let X ⊂ Pn+1 be a smooth complex projective hypersur-
face. In this paper we show that, if the degree of X is large enough, then
there exist global sections of the bundle of invariant jet differentials of
order n on X, vanishing on an ample divisor. We also prove a logarith-
mic version, effective in low dimension, for the log-pair (Pn, D), where D
is a smooth irreducible divisor of high degree. Moreover, these result are
sharp, i.e. one cannot have such jet differentials of order less than n.
Kobayashi hyperbolicity, invariant jet differentials, algebraic holomor-
phic Morse inequalities, complex projective hypersurfaces, logarithmic
variety, logarithmic jet bundle, Schur power.
1. Introduction
LetX be a compact complex manifold. According to a well-know criterion
of Brody, X is Kobayashi hyperbolic if and only if there are no non-constant
entire holomorphic curves in X. In 1970, S. Kobayashi [Kob70] conjectured
that if X ⊂ Pn+1 is a generic hypersurface of degree d = degX at least equal
to 2n + 1, then X is Kobayashi hyperbolic (analogously, he proposed also
the following logarithmic version of his conjecture: if D ⊂ Pn is a generic
irreducible divisor of degree degD ≥ 2n + 1, then Pn \ D is Kobayashi
hyperbolic). Thus proving the “compact” Kobayashi conjecture is equiva-
lent to proving the non existence of entire holomorphic curves on a generic
projective hypersurface of degree large enough.
Several decades after the pioneering work of Bloch in 1926, it has been
realized that an essential tool for controlling the geometry of entire curves on
a manifoldX is to produce differential equations onX that every entire curve
must satisfy. For instance, in 1979, Green and Griffiths [G-G79] constructed
the sheaf Jk,m of jet differentials of order k and weighted degree m and were
able to prove the Bloch conjecture (i.e., that every entire holomorphic curve
in a projective variety is algebraically degenerate as soon as the irregularity
is greater than the dimension).
Several years later, Siu outlined new ideas for proving Kobayashi’s conjec-
ture, by making use of jet differentials and by generalizing some techniques
due to Clemens, Ein and Voisin (see [Siu04]). However many details are
missing, and it also seems to be hard to derive effective results from Siu’s
approach.
We would like here to concentrate on a refined and more geometrical
version of the bundle of Green and Griffiths, namely the bundle of invariant
jet differentials, which was first introduced in this context by Demailly in
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[Dem95]. This bundle reflects better the geometry of entire curves since
it just takes care of the image of such curves and not of the way they are
parametrized: following [Dem95], we will denote it Ek,mT
∗
X . The general
philosophy is that global holomorphic sections of Ek,mT
∗
X vanishing on a
fixed ample divisor give rise to global algebraic differential equations that
every entire holomorphic curve must satisfy.
It is known by [D-EG00] that every smooth surface in P3 of degree greater
or equal to 15 has such differential equations of order two. For the dimension
three case, Rousseau [Rou06] observed that one needs to look for order three
equations since one has in general the vanishing of symmetric differentials
and invariant 2-jet differentials for smooth hypersurfaces in projective 4-
space. On the other hand [Rou06] shows the existence of global invariant 3-
jet differentials vanishing on an ample divisor on every smooth hypersurface
X in P4, provided that degX ≥ 97.
Recently, in [Div08], we improved the bound for the degree obtained in
[Rou06] and found the existence of invariant jet differentials for smooth
projective hypersurfaces of dimension at most 8 (with an explicit effective
lower bound for the degree of the hypersurface up to dimension 5).
Until our paper [Div08], the existence was obtained by showing first that
the Euler characteristic χ(Ek,mT
∗
X) of the bundle of invariant jet differen-
tials is positive for m large enough. Then, with a delicate study of the even
cohomology groups of such bundles – which usually involves the rather dif-
ficult investigation of the composition series of Ek,mT
∗
X – one could obtain
in principle a positive lower bound for h0(X,Ek,mT
∗
X) in terms of the Euler
characteristic.
Here we generalize the result of [Div08] to arbitrary dimension, thus solv-
ing the problem of finding invariant jet differentials on complex projective
hypersurfaces of high degree. Namely we get the following.
Theorem 1.1. Let X ⊂ Pn+1 be a smooth complex projective hypersurface
and let A→ X be an ample line bundle. Then there exists a positive integer
δn such that
H0(X,Ek,mT
∗
X ⊗A
−1) 6= 0, k ≥ n,
provided that deg(X) ≥ δn and m is large enough.
In other words, on every smooth n-dimensional complex projective hyper-
surface of sufficiently high degree, there exist global invariant jet differentials
of order n vanishing on an ample divisor, and every entire curve must satisfy
the corresponding differential equation.
Unfortunately, the lower bound for the degree of X is effective just the-
oretically, and one can compute explicit values just for low dimensions (see
[Div08]). Nevertheless, the result is sharp as far as the order k of jets is
concerned since, by a theorem of [Div08], there are no jet differentials of
order k < n on a smooth projective hypersurface of dimension n.
We also prove a logarithmic version of the above theorem.
Theorem 1.2. Let D ⊂ Pn be a smooth irreducible divisor and let A→ Pn
be an ample line bundle. Then there exists a positive integer δn such that
H0(Pn, Ek,mT
∗
Pn〈D〉 ⊗A
−1) 6= 0, k ≥ n,
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Table 1. Effective lower bound for degree δ.
k
n 1 2 3 4 5
2 15 14 14 14
3 75 67 67
4 306 280
5 1154
provided that deg(D) ≥ δn and m is large enough.
Moreover, we have the effective lower bounds for the degree δ of D as
shown in Table 1 (depending on the values of n and k).
In the statement above, the bundle Ek,mT
∗
Pn
〈D〉, is the vector bundle of
logarithmic invariant jet differentials, introduced in the general setting of
logarithmic varieties by Dethloff and Lu in [De-L01].
Finally, we would like to stress that our proof is based on the algebraic
version of holomorphic Morse inequalities of [Tra95], and so we deal directly
with the dimension of the space of global sections : we are able in this way to
skip entirely the arduous study of the higher cohomology and of the graded
bundle associated to Ek,mT
∗
X .
Acknowledgements. We are indebted to Prof. Stefano Trapani, who sug-
gested to us the main ideas in Lemma 3.2 and Lemma 3.3.
We would like to thank also Prof. Jean-Pierre Demailly for a careful
reading of the present manuscript, and for many useful suggestions and
comments.
Finally, thanks to Gianluca Pacienza who suggested us to try to extend
our results to the logarithmic case.
2. Notations and preliminary material
Let X be a compact complex manifold and V ⊂ TX a holomorphic (non
necessarily integrable) subbundle of the tangent bundle of X.
2.1. Invariant jet differentials. The bundle JkV → X is the bundle of
k-jets of holomorphic curves f : (C, 0) → X which are tangent to V , i.e.,
such that f ′(t) ∈ Vf(t) for all t in a neighbourhood of 0, together with the
projection map f 7→ f(0) onto X.
Let Gk be the group of germs of k-jets of biholomorphisms of (C, 0), that
is, the group of germs of biholomorphic maps
t 7→ ϕ(t) = a1 t+ a2 t
2 + · · ·+ ak t
k, a1 ∈ C
∗, aj ∈ C, j ≥ 2,
in which the composition law is taken modulo terms tj of degree j > k. Then
Gk admits a natural fiberwise right action on JkV consisting of reparametriz-
ing k-jets of curves by a biholomorphic change of parameter.
Next, we define the bundle of Demailly-Semple jet differentials (or invari-
ant jet differentials).
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Definition 2.1 ([Dem95]). The vector bundle of invariant jet differentials
of order k and degree m is the bundleEk,mV
∗ → X of polynomial differential
operatorsQ(f ′, f ′′, . . . , f (k)) over the fibers of JkV , which are invariant under
arbitrary changes of parametrization, i.e. for every ϕ ∈ Gk
Q((f ◦ ϕ)′, (f ◦ ϕ)′′, . . . , (f ◦ ϕ)(k)) = ϕ′(0)mQ(f ′, f ′′, . . . , f (k)).
2.2. Projectivized jet bundles. Here is the construction of the tower of
projectivized bundles which provides a (relative) smooth compactification
of J regk V/Gk, where J
reg
k V is the bundle of regular k-jets tangent to V , that
is k-jets such that f ′(0) 6= 0.
Let dimX = n and rankV = r. With (X,V ) we associate another
“directed” manifold (X˜, V˜ ) where X˜ = P (V ) is the projectivized bundle of
lines of V , π : X˜ → X is the natural projection and V˜ is the subbundle of
T eX defined fiberwise as
V˜(x0,[v0])
def
= {ξ ∈ T eX,(x0,[v0]) | π∗ξ ∈ C.v0},
x0 ∈ X and v0 ∈ TX,x0 \ {0}. We also have a “lifting” operator which
assigns to a germ of holomorphic curve f : (C, 0) → X tangent to V a
germ of holomorphic curve f˜ : (C, 0) → X˜ tangent to V˜ in such a way that
f˜(t) = (f(t), [f ′(t)]).
To construct the projectivized k-jet bundle we simply set inductively
(X0, V0) = (X,V ) and (Xk, Vk) = (X˜k−1, V˜k−1). Of course, we have for
each k > 0 a tautological line bundle OXk(−1) → Xk and a natural projec-
tion πk : Xk → Xk−1. We shall call πj,k the composition of the projections
πj+1 ◦ · · · ◦ πk, so that the total projection is given by π0,k : Xk → X. For
each k > 0, we have short exact sequences
(1) 0→ TXk/Xk−1 → Vk → OXk(−1) → 0,
(2) 0→ OXk → π
∗
kVk−1 ⊗ OXk(1) → TXk/Xk−1 → 0,
where TXk/Xk−1 = ker(πk)∗ is the vertical tangent bundle relative to πk
and rankVk = r, dimXk = n+ k(r − 1). Here, we also have an inductively
defined k-lifting for germs of holomorphic curves such that f[k] : (C, 0) → Xk
is obtained as f[k] = f˜[k−1].
The following theorem is the link between these projectivized bundles and
jet differentials.
Theorem 2.1 ([Dem95]). Suppose that rankV ≥ 2. The quotient space
J regk V/Gk has the structure of a locally trivial bundle over X, and there is a
holomorphic embedding J regk V/Gk →֒ Xk over X, which identifies J
reg
k V/Gk
with Xregk , that is the set of point in Xk on the form f[k](0) for some non sin-
gular k-jet f . In other words Xk is a relative compactification of J
reg
k V/Gk
over X.
Moreover, we have the direct image formula
(π0,k)∗OXk(m) = O(Ek,mV
∗).
Next, here is the link between the theory of hyperbolicity and invariant
jet differentials.
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Theorem 2.2 ([G-G79],[Dem95]). Assume that there exist integers k,m > 0
and an ample line bundle A→ X such that
H0(Xk,OXk(m)⊗ π
∗
0,kA
−1) ≃ H0(X,Ek,mV
∗ ⊗A−1)
has non zero sections σ1, . . . , σN and let Z ⊂ Xk be the base locus of these
sections. Then every entire holomorphic curve f : C → X tangent to V is
such that f[k](C) ⊂ Z. In other words, for every global Gk-invariant differ-
ential equation P vanishing on an ample divisor, every entire holomorphic
curve f must satisfy the algebraic differential equation P (f) = 0.
2.3. Cohomology ring of Xk. Denote by c•(E) the total Chern class of a
vector bundle E. The short exact sequences (1) and (2) give, for each k > 0,
the following formulae:
c•(Vk) = c•(TXk/Xk−1)c•(OXk(−1))
and
c•(π
∗
kVk−1 ⊗ OXk(1)) = c•(TXk/Xk−1),
so that
(3) c•(Vk) = c•(OXk(−1))c•(π
∗
kVk−1 ⊗ OXk(1)).
Let us call uj = c1(OXj (1)) and c
[j]
l = cl(Vj). With these notations, (3)
becomes
(4) c
[k]
l =
l∑
s=0
[(
n− s
l − s
)
−
(
n− s
l − s− 1
)]
ul−sk · π
∗
kc
[k−1]
s , 1 ≤ l ≤ r.
Since Xj is the projectivized bundle of line of Vj−1, we also have the poly-
nomial relations
(5) urj + π
∗
j c
[j−1]
1 · u
r−1
j + · · · + π
∗
j c
[j−1]
r−1 · uj + π
∗
j c
[j−1]
r = 0, 1 ≤ j ≤ k.
After all, the cohomology ring of Xk is defined in terms of generators and
relations as the polynomial algebra H•(X)[u1, . . . , uk] with the relations (5)
in which, of course, utilizing inductively (4), we have that c
[j]
l is a polynomial
with integral coefficients in the variables u1, . . . , uj , c1(V ), . . . , cl(V ).
In particular, for the first Chern class of Vk, we obtain the very simple
expression
(6) c
[k]
1 = π
∗
0,kc1(V ) + (r − 1)
k∑
s=1
π∗s,kus.
2.4. Algebraic holomorphic Morse inequalities. Let L→ X be a holo-
morphic line bundle over a compact Ka¨hler manifold of dimension n and
E → X a holomorphic vector bundle of rank r. Suppose that L can be
written as the difference of two nef line bundles, say L = F ⊗ G−1, with
F,G → X numerically effective. Then we have the following asymptotic
estimate for the partial alternating sum of the dimension of cohomology
groups of powers of L with values in E.
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Theorem 2.3 ([Dem00]). With the previous notation, we have (strong al-
gebraic holomorphic Morse inequalities) :
q∑
j=0
(−1)q−jhj(X,L⊗m ⊗ E) ≤ r
mn
n!
q∑
j=0
(−1)q−j
(
n
j
)
Fn−j ·Gj + o(mn).
In particular [Tra95], L⊗m ⊗ E has a global section for m large as soon as
Fn − nFn−1 ·G > 0.
2.5. A vanishing theorem. Let X ⊂ PN be a smooth complete intersec-
tion of dimension dimX = n. In [Div08], we proved the following vanishing
theorem for the space of global sections of invariant jet differentials:
Theorem 2.4 ([Div08]). Let X ⊂ PN be a smooth complete intersection of
dimension dimX = n. Then
H0(X,Ek,mT
∗
X) = 0
for all m ≥ 1 and 1 ≤ k < n/(N − n). In particular, if X is a smooth
projective hypersurface, then
H0(X,Ek,mT
∗
X) = 0
for all m ≥ 1 and 1 ≤ k ≤ n− 1.
3. Proof of Theorem 1.1
The idea of the proof is to apply the algebraic holomorphic Morse in-
equalities to a particular relatively nef line bundle over Xn which admits a
nontrivial morphism to (a power of) OXn(1) and then to conclude by the
direct image argument of Theorem 2.1.
3.1. Sufficient conditions for relative nefness. By definition, there is
a canonical injection OXk(−1) →֒ π
∗
kVk−1 and a composition with the dif-
ferential of the projection (πk)∗ yields, for all k ≥ 2, a canonical line bundle
morphism
OXk(−1) →֒ π
∗
kVk−1 → π
∗
kOXk−1(−1),
which admits precisely Dk
def
= P (TXk−1/Xk−2) ⊂ P (Vk−1) = Xk as its zero
divisor. Hence, we find
(7) OXk(1) = π
∗
kOXk−1(1) ⊗ O(Dk).
Now, for a = (a1, . . . , ak) ∈ Z
k, define a line bundle OXk(a) on Xk as
OXk(a) = π
∗
1,kOX1(a1)⊗ π
∗
2,kOX2(a2)⊗ · · · ⊗ OXk(ak).
By (7), we have
π∗j,kOXj (1) = OXk(1) ⊗ OXk(−π
∗
j+1,kDj+1 − · · · −Dk),
thus by putting D⋆j = π
∗
j+1,kDj+1 for j = 1, . . . , k − 1 and D
⋆
k = 0, we have
an identity
OXk(a) = OXk(bk)⊗ OXk(−b ·D
⋆), where
b = (b1, . . . , bk) ∈ Z
k, bj = a1 + · · ·+ aj ,
b ·D⋆ =
k−1∑
j=1
bj π
∗
j+1,kDj+1.
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In particular, if b ∈ Nk, that is if a1 + · · · + aj ≥ 0, we get a nontrivial
morphism
OXk(a) = OXk(bk)⊗ OXk(−b ·D
⋆)→ OXk(bk).
We then have the following:
Proposition 3.1 ([Dem95]). Let a = (a1, . . . , ak) ∈ N
k and m = a1 + · · ·+
ak.
• We have the direct image formula
(π0,k)∗OXk(a) ≃ O(F
a
Ek,mV
∗) ⊂ O(Ek,mV
∗)
where F
a
Ek,mV
∗ is the subbundle of polynomials Q(f ′, . . . , f (k)) of
Ek,mV
∗ involving only monomials (f (•))ℓ such that
ℓs+1 + 2ℓs+2 + · · ·+ (k − s)ℓk ≤ as+1 + · · ·+ ak
for all s = 0, . . . , k − 1.
• If
(8) a1 ≥ 3a2, . . . , ak−2 ≥ 3ak−1 and ak−1 ≥ 2ak > 0,
the line bundle OXk(a) is relatively nef over X.
From now on, we will set in the absolute case, that is V = TX . So, let
X ⊂ Pn+1 be a smooth complex hypersurface of degree degX = d.
Now, for the projective hypersurfaces case, it is always possible to express
OXk(a) as the difference of two globally nef line bundles, provided condition
(8) is satisfied. We prove this fact in the next:
Proposition 3.2. Let X ⊂ Pn+1 be a smooth projective hypersurface and
OX(1) be the hyperplane divisor on X. If condition (8) holds, then OXk(a)⊗
π∗0,kOX(ℓ) is nef provided that ℓ ≥ 2|a|, where |a| = a1 + · · ·+ ak.
In particular OXk(a) =
(
OXk(a)⊗π
∗
0,kOX(2|a|)
)
⊗π∗0,kOX(−2|a|) and both
OXk(a)⊗ π
∗
0,kOX(2|a|) and π
∗
0,kOX(2|a|) are nef.
Proof. In [Div08] we proved that the line bundle
OXk(2 · 3
k−2, 2 · 3k−3, . . . , 6, 2, 1) ⊗ π∗0,kOX(ℓ)
is nef as soon as ℓ ≥ 2 · (1 + 2 + 6 + · · · + 2 · 3k−2) = 2 · 3k−1. Now we take
a = (a1, . . . , ak) ∈ N
k such that a1 ≥ 3a2, . . . , ak−2 ≥ 3ak−1, ak−1 ≥ 2ak > 0
and we proceed by induction, the case k = 1 being obvious. Write
OXk(a1, a2, . . . , ak)⊗ π
∗
0,kOX(2 · (a1 + · · · + ak))
=
(
OXk(2 · 3
k−2, . . . , 6, 2, 1) ⊗ π∗0,kOX(2 · 3
k−1)
)⊗ak
⊗ π∗k
(
OXk−1(a1 − 2 · 3
k−2ak, . . . , ak−2 − 6ak, ak−1 − 2ak)
⊗ π∗0,k−1OX
(
2 · (a1 + · · ·+ ak − 3
k−1ak)
))
.
Therefore, we have to prove that
OXk−1(a1 − 2 · 3
k−2ak, . . . , ak−2 − 6ak, ak−1 − 2ak)
⊗ π∗0,k−1OX
(
2 · (a1 + · · ·+ ak − 3
k−1ak)
)
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is nef. Our chain of inequalities gives, for 1 ≤ j ≤ k− 2, aj ≥ 3
k−j−1ak and
ak−1 ≥ 2ak. Thus, condition (8) is satisfied by the weights of
OXk−1(a1 − 2 · 3
k−2ak, . . . , ak−2 − 6ak, ak−1 − 2ak)
and 2 · (a1+ · · ·+ak−3
k−1ak) is exactly twice the sum of these weights. 
Remark 1. At this point it should be clear that to prove our Theorem, it is
sufficient to show the existence of an n-tuple (a1, . . . , an) satisfying condition
(8) and such that
(9)
(
OXn(a)⊗ π
∗
0,nOX(2|a|)
)n2
− n2
(
OXn(a)⊗ π
∗
0,nOX(2|a|)
)n2−1
· π∗0,nOX(2|a|) > 0
for d = degX large enough, where n2 = n+ n(n− 1) = dimXn.
In fact, this would show the bigness of OXn(a) →֒ OXn(|a|) and so the
bigness of OXn(1).
3.2. Evaluation in terms of the degree. For X ⊂ Pn+1 a smooth pro-
jective hypersurface of degree degX = d, standard arguments involving the
Euler exact sequence, show that
cj(X) = cj(TX) = h
j
(
(−1)jdj + o(dj)
)
, j = 1, . . . , n,
where h ∈ H2(X,Z) is the hyperplane class and o(dj) is a polynomial in d
of degree at most j − 1.
Proposition 3.3. The quantities(
OXk(a)⊗ π
∗
0,kOX(2|a|)
)n+k(n−1)
− [n+ k(n − 1)]
(
OXk(a)⊗ π
∗
0,kOX(2|a|)
)n+k(n−1)−1
· π∗0,kOX(2|a|)
and
OXk(a)
n+k(n−1)
are both polynomials in the variable d with coefficients in Z[a1, . . . , ak] of
degree at most n+ 1 and the coefficients of dn+1 of the two expressions are
equal.
Moreover this coefficient is a homogeneous polynomial in a1, . . . , ak of
degree n+ k(n − 1) or identically zero.
Proof. Set Fk(a) = OXk(a)⊗ π
∗
0,kOX(2|a|) and Gk(a) = π
∗
0,kOX(2|a|). Then
we have
Fk(a)
n+k(n−1) + [n+ k(n− 1)]Fk(a)
n+k(n−1)−1 · Gk(a)
= OXk(a)
n+k(n−1) + terms which have Gk(a) as a factor.
Now we use relations (4) and (5) to observe that
OXk(a)
n+k(n−1) =
∑
j1+2j2+···+njn=n
P
[k]
j1···jn
(a) c1(X)
j1 · · · cn(X)
jn ,
where the P
[k]
j1···jn
(a)’s are homogeneous polynomial of degree n + k(n − 1)
in the variables a1, . . . , ak (or possibly identically zero). Thus, substituting
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the cj(X)’s with their expression in terms of the degree, we get
OXk(a)
n+k(n−1) = (−1)n

 ∑
j1+2j2+···+njn=n
P
[k]
j1···jn
(a)

 dn+1 + o(dn+1),
since hn = d. On the other hand, using relations (4) and (5) on terms which
have Gk(a) as a factor, gives something of the form∑
j1+2j2+···+njn+i=n
i>0
Q
[k]
j1···jni
(a)hi · c1(X)
j1 · · · cn(X)
jn ,
since c1(Gk(a)) = 2|a|h and Gk(a) is always a factor. Substituting the
cj(X)’s with their expression in terms of the degree, we get here
hi · c1(X)
j1 · · · cn(X)
jn = (−1)j1+···+jn hn︸︷︷︸
=d
·dj1+···+jn = o(dn+1).

We need a lemma.
Lemma 3.1. Let C ⊂ Rk be a cone with nonempty interior. Let Zk ⊂ Rk
be the canonical lattice in Rk. Then Zk ∩ C is Zariski dense in Rk.
Proof. Since C is a cone with nonempty interior, it contains cubes of arbi-
trary large edges, so Zk ∩ C contains a product of integer intervals
∏
[αi, βi]
with βi − αi > N . By using induction on dimension, this implies that a
polynomial P of degree at most N vanishing on Zk ∩ C must be identically
zero. As N can be taken arbitrary large, we conclude that Zk ∩ C is Zariski
dense. 
Corollary 3.1. If the top self-intersection OXk(a)
n+k(n−1) has degree exac-
tly equal to n + 1 in d for some choice of a, then OXk(m) ⊗ π
∗
0,kA
−1 has a
global section for all line bundle A→ X and for all d,m sufficiently large.
Proof. The real k-tuples which satisfy condition (8), form a cone with non-
empty interior in Rk. Thus, by Lemma 3.1, there exists an integral a′ satis-
fying condition (8) and such that OXk(a
′)n+k(n−1) has degree exactly n+1 in
d. For reasons similar to those in the proof of Proposition 3.3, the coefficient
of degree n+1 in d of OXk(a
′)n+k(n−1) and
(
OXk(a
′)⊗π∗0,kOX(2|a
′|)
)n+k(n−1)
are the same; the second one being nef, this coefficient must be positive.
Now, by Proposition 3.3, this coefficient is the same as the coefficient of
degree n+ 1 in d of(
OXk(a
′)⊗ π∗0,kOX(2|a
′|)
)n+k(n−1)
− [n+ k(n− 1)]
(
OXk(a
′)⊗ π∗0,kOX(2|a
′|)
)n+k(n−1)−1
· π∗0,kOX(2|a
′|).
But then this last quantity is positive for d large enough, and the Corollary
follows by an application of algebraic holomorphic Morse inequalities. 
Corollary 3.2. For k < n, the coefficient of dn+1 in the expression of
OXk(a)
n+k(n−1)
is identically zero.
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Proof. Otherwise, we would have global sections of OXk(m) for m large and
k < n, which is impossible by Theorem 2.4. 
3.3. Bigness of OXn(1). Thanks to the results of the previous subsection,
to show the existence of a global section of OXn(m)⊗ π
∗
0,nA
−1 for m and d
large, we just need to show that OXn(a)
n2 has degree exactly n+ 1 in d for
some n-tuple (a1, . . . , an).
The multinomial theorem gives
(a1π
∗
1,ku1 + · · ·+ akuk)
n+k(n−1)
=
∑
j1+···+jk=n+k(n−1)
(n+ k(n− 1))!
j1! · · · jk!
aj11 · · · a
jk
k π
∗
1,ku
j1
1 · · · u
jk
k .
We need two lemmas.
Lemma 3.2. The coefficient of degree n+1 in d of the two following inter-
sections is zero:
• π∗1,ku
j1
1 · π
∗
2,ku
j2
2 · · · u
jk
k for all 1 ≤ k ≤ n − 1 and j1 + · · · + jk =
n+ k(n − 1)
• π∗1,n−i−1u
j1
1 · π
∗
2,n−i−1u
j2
2 · · · u
jn−i−1
n−i−1 · π
∗
0,n−i−1c1(X)
i for all 1 ≤ i ≤
n− 2 and j1 + · · ·+ jn−i−1 = (n− i− 1)n + 1.
Proof. The first statement is straightforward. By Corollary 3.2, we know
that the coefficient of degree n + 1 in d (once the expression is reduced in
term of the degree of the hypersurface) of (a1π
∗
1,ku1 + · · · + akuk)
n+k(n−1)
must be identically zero for k < n. If this first part of the lemma fails to be
true for some (j1, . . . , jk), then this leading coefficient would contain al least
a monomial, namely aj11 · · · a
jk
k and thus it would not be identically zero.
For the second statement we proceed by induction on i. Let us start with
i = 1. By the first part of the present lemma, we have that
π∗1,n−1u
j1
1 · π
∗
2,n−1u
j2
2 · · · π
∗
n−1u
jn−2
n−2 · u
n
n−1 = o(d
n+1).
On the other hand, relation (5) gives
π∗1,n−1u
j1
1 · π
∗
2,n−1u
j2
2 · · · π
∗
n−1u
jn−2
n−2 · u
n
n−1
= π∗1,n−1u
j1
1 · π
∗
2,n−1u
j2
2 · · · π
∗
n−1u
jn−2
n−2
·
(
−π∗n−1c
[n−2]
1 · u
n−1
n−1 − · · · − π
∗
n−1c
[n−2]
n−1 · un−1 − π
∗
n−1c
[n−2]
n
)
= −π∗1,n−1u
j1
1 · π
∗
2,n−1u
j2
2 · · · π
∗
n−1u
jn−2
n−2 · π
∗
n−1c
[n−2]
1 · u
n−1
n−1
and the second equality is true for degree reasons:
uj11 · u
j2
2 · · · u
jn−2
n−2 · c
[n−2]
l , l = 2, . . . , n,
“lives” on Xn−2 and has total degree n+(n−2)(n−1)−1+l which is strictly
greater than n+(n−2)(n−1) = dimXn−2, so that u
j1
1 ·u
j2
2 · · · u
jn−2
n−2 ·c
[n−2]
l = 0.
INVARIANT JET DIFFERENTIALS ON PROJECTIVE HYPERSURFACES 11
Now, we use relation (6) and obtain in this way
π∗1,n−1u
j1
1 · π
∗
2,n−1u
j2
2 · · · π
∗
n−1u
jn−2
n−2 · u
n
n−1
= −π∗1,n−1u
j1
1 · π
∗
2,n−1u
j2
2 · · · π
∗
n−1u
jn−2
n−2 · u
n−1
n−1
·
(
π∗0,n−1c1(X) + (n− 1)
n−2∑
s=1
π∗s,n−1us
)
= −π∗1,n−1u
j1
1 · π
∗
2,n−1u
j2
2 · · · π
∗
n−1u
jn−2
n−2 · u
n−1
n−1 · π
∗
0,n−1c1(X)
− (n− 1)un−1n−1 ·
n−2∑
s=1
π∗1,n−1u
j1
1 · · · π
∗
s,n−1u
js+1
s · · · π
∗
n−1u
jn−2
n−2 .
An integration along the fibers of Xn−1 → Xn−2 then gives
π∗1,n−2u
j1
1 · π
∗
2,n−2u
j2
2 · · · u
jn−2
n−2 · π
∗
0,n−2c1(X)
= −(n− 1) ·
n−2∑
s=1
π∗1,n−2u
j1
1 · · · π
∗
s,n−2u
js+1
s · · · u
jn−2
n−2︸ ︷︷ ︸
=o(dn+1) by the first part of the lemma
+ o(dn+1)
and so π∗1,n−2u
j1
1 · π
∗
2,n−2u
j2
2 · · · u
jn−2
n−2 · π
∗
0,n−2c1(X) = o(d
n+1).
To complete the proof, observe that – as before – relations (5) and (6)
together with a completely similar degree argument give
π∗1,n−iu
j1
1 · π
∗
2,n−iu
j2
2 · · · u
jn−i−1
n−i · π
∗
0,n−ic1(X)
i · unn−i
= −π∗1,n−iu
j1
1 · π
∗
2,n−iu
j2
2 · · · π
∗
n−iu
jn−i−1
n−i−1 · u
n−1
n−i · π
∗
0,n−ic1(X)
i+1
− (n− 1)un−1n−i ·
n−i−1∑
s=1
π∗1,n−iu
j1
1 · · · π
∗
s,n−iu
js+1
s · · · π
∗
n−iu
jn−i−1
n−i−1 .
But
π∗1,n−iu
j1
1 · π
∗
2,n−iu
j2
2 · · · u
jn−i−1
n−i · π
∗
0,n−ic1(X)
i · unn−i = o(d
n+1)
by induction, and
π∗1,n−iu
j1
1 · · · π
∗
s,n−iu
js+1
s · · · π
∗
n−iu
jn−i−1
n−i−1 = o(d
n+1),
1 ≤ s ≤ n− i− 1, thanks to the first part of the lemma. 
Lemma 3.3. The coefficient of degree n+ 1 in d of π∗1,nu
n
1 · π
∗
2,nu
n
2 · · · u
n
n is
the same of the one of (−1)nc1(X)
n, that is 1.
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Proof. An explicit computation yields:
π∗1,nu
n
1 · π
∗
2,nu
n
2 · · · u
n
n
(i)
= π∗1,nu
n
1 · π
∗
2,nu
n
2 · · · π
∗
nu
n
n−1
(
−π∗nc
[n−1]
1 · u
n−1
n
− · · · − π∗nc
[n−1]
n−1 · un − π
∗
nc
[n−1]
n
)
(ii)
= −π∗1,nu
n
1 · π
∗
2,nu
n
2 · · · π
∗
nu
n
n−1 · u
n−1
n · π
∗
nc
[n−1]
1
(iii)
= −π∗1,nu
n
1 · π
∗
2,nu
n
2 · · · π
∗
nu
n
n−1 · u
n−1
n
· π∗n
(
π∗0,n−1c1(X) + (n− 1)
n−1∑
s=1
π∗s,n−1us
)
(iv)
= −π∗1,nu
n
1 · π
∗
2,nu
n
2 · · · π
∗
nu
n
n−1 · u
n−1
n · π
∗
0,nc1(X)
+ o(dn+1)
= · · ·
(v)
= (−1)nπ∗0,kc1(X)
n · π∗1,ku
n−1
1 · · · u
n−1
n + o(d
n+1)
(vi)
= (−1)nc1(X)
n + o(dn+1).
Let us say a few words about the previous equalities. Equality (i) is just
relation (5). Equality (ii) is true for degree reasons: un1 · u
n
2 · · · u
n
n−1 · c
[n−1]
l ,
l = 2, . . . , n, “lives” onXn−1 and has total degree n(n−1)+l which is strictly
greater than n+(n−1)(n−1) = dimXn−1, so that u
n
1 ·u
n
2 · · · u
n
n−1 ·c
[n−1]
l = 0.
Equality (iii) is just relation (6). Equality (iv) follows from the first part
of Lemma 3.2: un1 · · · u
n+1
s · · · u
n
n−1 = o(d
n+1). Equality (v) is obtained by
applying repeatedly the second part of Lemma 3.2. Finally, equality (vi) is
simply integration along the fibers. The lemma is proved. 
Now, look at the coefficient of degree n+ 1 in d of the expression
OXn(a)
n2 =
(
a1π
∗
1,nu1 + · · ·+ anun
)n2
,
where we consider the aj’s as variables: we claim that it is a non identically
zero homogeneous polynomial of degree n2. To see this, we just observe that,
thanks to Lemma 3.3, the coefficient of the monomial an1 · · · a
n
n is (n
2)!/(n!)n.
Hence there exists an a which satisfies the hypothesis of Corollary 3.1 for
k = n, and Theorem 1.1 is proved.
4. The logarithmic case and proof of Theorem 1.2
Let D ⊂ X be a simple normal crossing divisor in a compact complex
manifold X, i.e. for each x ∈ X there exist local holomorphic coordinates
(z1, . . . , zn) for X, centered at x, such that locally D = {z1 · · · zl = 0},
0 ≤ l ≤ n. Then T ∗X〈D〉, the logarithmic cotangent space to X relative
to D, is well defined and locally free: it is the subsheaf of the sheaf of
meromorphic differential forms of the form
l∑
j=1
fj
dzj
zj
+
n∑
k=l+1
fk dzk,
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where fi ∈ OX,x are germs of holomorphic functions in x and the local
coordinates are chosen as above. Clearly, we have the following short exact
sequence
(10) 0→ T ∗X → T
∗
X〈D〉 → OD → 0
and also T ∗X〈D〉|X\D = T
∗
X .
4.1. Chern classes computations. Here, we compute Chern classes for
the logarithmic (co)tangent bundle of the pair (Pn,D), when D is a smooth
projective hypersurface of degree degD = d. In this case (10) become
0
0 // T ∗Pn // T
∗
Pn
〈D〉 // OD //
OO
0,
OPn
OO
OPn(−D)
OO
0
OO
where the vertical arrows are the usual locally free resolution of the structure
sheaf of a divisor in Pn; then
c•(T
∗
Pn
〈D〉) = c•(T
∗
Pn
)c•(OD) and 1 = c•(OPn(−D))c•(OD),
so that if h ∈ H2(Pn,Z) is the hyperplane class, we have
1 = (1− dh)c•(OD)
and thus c•(OD) = 1 + dh + (dh)
2 + · · · + (dh)n. Now, recalling that
c•(TPn) = (1+h)
n+1 and that, for a vector bundle E, cj(E
∗) = (−1)jcj(E),
we get the following:
Proposition 4.1. Let D ⊂ Pn be a smooth hypersurface of degree degD =
d. Then the Chern classes of the logarithmic tangent bundle TPn〈D〉 are
given by
(11) cj(TPn〈D〉) = (−1)
jhj
j∑
k=0
(−1)k
(
n+ 1
k
)
dj−k,
for j = 1, . . . , n.
4.2. Logarithmic jet bundles. Here, we recall the construction due to
[De-L01] of logarithmic jet bundles, which is in fact completely analogous
to the “standard” one.
So, we start with a triple (X,D, V ) where (X,V ) is a compact directed
manifold and D ⊂ X is a simple normal crossing divisor whose components
D(j) are everywhere transversal to V (that is TD(j) + V = TX along D(j)).
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Let, as usual, O(V 〈D〉) be the (locally free in this setting) sheaf of germs of
holomorphic vector fields which are tangent to each component of D.
Now, we define a sequence (Xk,Dk, Vk) of logarithmic k-jet bundles as in
Subsection 2.2: if (X0,D0, V0) = (X,D, V 〈D〉), set Xk = P (Vk−1), Dk =
π−10,kD and Vk is the set of logarithmic tangent vectors in TXk〈Dk〉 which
project onto the line defined by the tautological line bundle OXk(−1) ⊂
π∗kVk−1.
In this case, the direct image formula of Theorem 2.1 becomes
(π0,k)∗OXk(m) = O(Ek,mV
∗〈D〉),
where O(Ek,mV
∗〈D〉) is the sheaf generated by all invariant polynomial dif-
ferential operators in the derivatives of order 1, 2, . . . , k of the components
f1, . . . , fr of a germ of holomorphic curve f : (C, 0) → X \D tangent to V ,
together with the extra functions log sj(f) along the j-th components D(j)
of D, where sj is a local equation for D(j).
Then, as in the compact case, we have the following:
Theorem 4.1 ([De-L01]). Assume that there exist integers k,m > 0 and
an ample line bundle A→ X such that
H0(Xk,OXk(m)⊗ π
∗
0,kA
−1) ≃ H0(X,Ek,mV
∗〈D〉 ⊗A−1)
has non zero sections σ1, . . . , σN and let Z ⊂ Xk be the base locus of these
sections. Then every entire holomorphic curve f : C → X \D tangent to V
is such that f[k](C) ⊂ Z.
Just like in the compact case, the locally free sheaf O(Ek,mV
∗〈D〉) arises
naturally as a subsheaf of Jk,m〈D〉, of (non necessarily invariant) polynomial
differential operators (cf. [De-L01], [Dem95]). Moreover, we can endow
Jk,mV
∗〈D〉 with a natural filtration with respect to the (weighted) degree
such that the associated graded bundle is
Gr• Jk,mV
∗〈D〉 =
⊕
ℓ1+2ℓ2+···+kℓk=m
Sℓ1V ∗〈D〉 ⊗ · · · ⊗ SℓkV ∗〈D〉.
4.3. Strategy of the proof and logarithmic case. We begin with the
following simple observation: the above construction of logarithmic jet bun-
dles is, from the “relative” point of view, exactly the same as in the compact
case.
This means that the short exact sequences which determine the relations
on Chern classes and thus the relative structure of the cohomology algebra
are, in the logarithmic case, the same as in Subsection 2.2.
Recall the main points of the proof in the compact case:
• For dimX = n, go up to the n-th projectivized jet bundle, and find a
(class of) relatively nef line bundle OXn(a)→ Xn, with a nontrivial
morphism into OXn(m) for some large m.
• Write OXn(a) as the difference of two globally nef line bundle, namely(
OXk(a)⊗ π
∗
0,kOX(2|a|)
)
⊗ π∗0,kOX(−2|a|).
• Compute the “Morse” intersection Fn − nFn−1 ·G for OXn(a) and
show that, once expressed in term of the degree of X, the leading
term is the same of OXn(a)
n2 .
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• Use the vanishing Theorem 2.4 to conclude that the term of maximal
possible degree in OXk(a)
n+k(n−1) vanishes for k < n.
• Find a particular non-vanishing monomial in the variables a, in the
expression on maximal possible degree of OXn(a)
n2 .
From this discussion, it follows that the only part which remains to be
proved in the logarithmic case is an analogous of Theorem 2.4, all the rest
being completely identical: this will be done in the next subsection.
To conclude the present paragraph, we just observe that the starting point
to write OXn(a) as the difference of two globally nef line bundles is, for X
a smooth projective hypersurface, that T ∗X ⊗ O(2) is nef as a quotient of
T ∗
Pn+1
⊗O(2). Thanks to the short exact sequence (10), this is the true also
in the logarithmic case:
0→ T ∗
Pn
⊗ O(2) → T ∗
Pn
〈X〉 ⊗ O(2) → OX(2) → 0,
and T ∗
Pn
〈X〉 ⊗ O(2) in nef as an extension of a nef vector bundle by a nef
line bundle (compare with [Div08]).
4.4. Vanishing of global section of low order logarithmic jet differ-
entials. We want to prove here the following vanishing theorem.
Theorem 4.2. Let D ⊂ Pn be a smooth irreducible divisor of degree degD =
δ. Then
H0(Pn, Jk,mT
∗
Pn
〈D〉) = 0
for all m ≥ 1 and 1 ≤ k ≤ n− 1, provided δ ≥ 3.
If we pass to the subbundle Ek,mT
∗
Pn
〈D〉 and add some negativity, we get
an immediate corollary which is exactly what we need to conclude the proof
of Theorem 1.2.
Corollary 4.1. Let D ⊂ Pn be a smooth irreducible divisor of degree degD =
δ and A→ Pn any ample line bundle. Then
H0(Pn, Ek,mT
∗
Pn
〈D〉 ⊗A−1) = 0
for all m ≥ 1 and 1 ≤ k ≤ n− 1, provided δ ≥ 3.
So, we begin recalling a vanishing theorem contained in [B-R90] for the
twisted Schur powers of the cotangent bundle of a smooth complete inter-
section.
Let Y = H1 ∩ · · · ∩ HN−n ⊂ P
N be an n-dimensional smooth complete
intersection by the hypersurfaces Hi ⊂ P
N , with di = degHi.
Let (λ) = (λ1, . . . , λn) be a partition of the integer r = λ1+ · · ·+λn, with
λ1 ≥ · · · ≥ λn ≥ 0, and T(λ) the associated Young tableau. Finally, let ti be
the number of cells inside the i-th column of T(λ) and set t =
∑N−n
i=1 ti (take
ti = 0 if i > length(T )).
Denote with Γ(λ)T ∗Y the irreducible representation of Gl(T
∗
Y ) of highest
weight (λ) (we refer the reader to [F-H91] for an excellent overview on rep-
resentations of the general linear group and related things). Then we have
the following:
Theorem 4.3 ([B-R90]). If p < r+min{length(T(λ)), d1− 2, . . . , dN−n− 2}
and t < n, then
H0(Y,Γ(λ)T ∗Y ⊗ OY (p)) = 0.
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In particular, if Y ⊂ Pn+1 is a smooth projective hypersurface of degree
deg Y = d, then
H0(Y,Γ(λ)T ∗Y ⊗ OY (r + p)) = 0
if λn = 0 and p < min{λ1, d− 2}.
From the above theorem, we deduce the following proposition which ex-
tends to all dimension a result of El Goul [EG03].
Proposition 4.2. Let D ⊂ Pn a smooth hypersurface of degree degD ≥ 3.
Then
H0(Pn,Γ(λ)T ∗
Pn
〈D〉) = 0
for any non increasing n-tuple (λ) = (λ1, . . . , λn) with λn = 0.
Proof. Consider the standard ramified covering Pn+1 ⊃ D˜ → Pn associated
to D: if D is given by the homogeneous equation P (z0, . . . , zn) = 0 of degree
δ, then D˜ ⊂ Pn+1 is cut out by the single equation zδn+1 = P (z0, . . . , zn).
If we take pullbacks of logarithmic differential forms on Pn, we obtain an
injection H0(Pn, T ∗
Pn
〈D〉) →֒ H0(D˜, T ∗
eD
⊗ O eD(1)). This is easily seen, as on
D˜ one has
dP
P
∣∣∣∣
eD
=
dzδn+1
zδn+1
∣∣∣∣∣
eD
= δ
dzn+1
zn+1
∣∣∣∣
eD
,
so that pullbacks of logarithmic forms downstairs give rise to forms with one
simple pole along the hyperplane section {zn+1 = 0} ∩ D˜.
Now, we just have to apply, given the weight λ, the Schur functors to the
injection H0(Pn, T ∗
Pn
〈D〉) →֒ H0(D˜, T ∗
eD
⊗O eD(1)), in order to obtain the new
injection
H0(Pn,Γ(λ)T ∗
Pn
〈D〉) →֒ H0(D˜,Γ(λ)T ∗
eD
⊗ O eD(|λ|)),
where |λ| = λ1 + · · ·+ λn. The proposition follows from Theorem 4.3 (with
r = |λ| and p = 0). 
4.4.1. End of the proof of the vanishing. To conclude the proof of Theorem
4.2, we just need to exclude — using the same strategy as in [Div08] —
among the irreducible Gl(T ∗
Pn
〈D〉)-representations of the bundle Jk,mT
∗
Pn
〈D〉
with k < n, Schur powers of the form
Γ(λ1,...,λn)T ∗
Pn
〈D〉
with λn 6= 0. This is possible thanks to the following elementary lemma.
Lemma 4.1. Let V be a complex vector space of dimension n and λ =
(λ1, . . . , λn) such that λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0. Then
Γ(λ)V ⊗ SmV ≃
⊕
µ
Γ(µ)V
as Gl(V )-representations, the sum being over all µ whose Young diagram
T(µ) is obtained by adding m boxes to the Young diagram T(λ) of λ, with no
two in the same column.
Proof. This follows immediately by Pieri’s formula, see e.g. [F-H91]. 
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Note that this implies that among all the irreducible Gl(V )-representations
of SlV ⊗ SmV , we cannot find terms of type Γ(λ1,...,λn)V with λi > 0 for
i > 2 (they are all of type Γ(l+m−j,j,0,...,0)V for j = 0, ...,min{m, l}).
Thus, by induction on the number of factor in the tensor product of
symmetric powers, we easily find:
Corollary 4.2. If k ≤ n, then we have a direct sum decomposition into
irreducible Gl(V )-representations
Sℓ1V ⊗ Sℓ2V ⊗ · · · ⊗ SℓkV =
⊕
λ
νλ Γ
(λ)V,
where νλ 6= 0 only if λ = (λ1, . . . , λn) is such that λi = 0 for i > k.
So, in our hypotheses, the composition series of Jk,mT
∗
Pn
〈D〉 has vanishing
H0 group, and Theorem 4.2 is proved.
4.5. Effective Results for the Existence of Logarithmic Jet Differ-
entials in Low Dimension. The get the effective results announced in
the statements of Theorem 1.2, we just compute the algebraic holomorphic
Morse inequalities, for a = (2 · 3n−2, . . . , 6, 2, 1) ∈ Nn. Hence we get an
explicit polynomial in the variable d, which has positive leading coefficient,
and we compute its largest positive root.
All this is done by implementing a quite simple code on GP/PARI CAL-
CULATOR Version 2.3.2. The computation complexity blows-up rapidly
and, starting from dimension 6, our computers were not able to achieve any
result in a finite time.
Remark 2. Although very natural, we don’t know if the weight
a = (2 · 3n−2, . . . , 6, 2, 1) ∈ Nn
we utilize is the best possible.
Here is the code.
/*scratch variable*/
X
/*main formal variables*/
c=[c1,c2,c3,c4,c5,c6,c7,c8,c9] /*Chern classes of V<D> on P^n*/
u=[u1,u2,u3,u4,u5,u6,u7,u8,u9] /*Chern classes of OXk(1)*/
v=[v1,v2,v3,v4,v5,v6,v7,v8,v9] /*Chern classes of Vk on Xk*/
w=[w1,w2,w3,w4,w5,w6,w7,w8,w9] /*formal variables*/
e=[0,0,0,0,0,0,0,0,0] /*empty array for logarithmic Chern classes*/
q=[0,0,0,0,0,0,0,0,0] /*empty array for Chern equations*/
/*main*/
Calcul(dim,order)=
{
local(j,n,N);
n=dim;
r=dim;
k=order;
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N=n+k*(r-1);
H(n);
Chern();
B=2*h*3^(k-1);
A=B+u[k];
for(j=1,k-1,A=A+2*3^(k-j-1)*u[j]);
R=Reduc((A-N*B)*A^(N-1));
C=Integ(R);
print("Calculation for order ", k, " jets on logarithmic projective
", n, "-space");
print("Line bundle A= ", A);
print("Line bundle B= ", B);
print("Chern class of A^", N, "-", N, "*A^", N-1, "*B :");
print(C);
E=Eval(C);
print("Evaluation for degree d logarithmic projective ", n,"-space:");
print(E)
}
/*compute Chern relations*/
Chern()=
{
local(j,s,t);
q[1]=X^r; for(j=1,r,q[1]=q[1]+c[j]*X^(r-j));
for(s=1,r,v[s]=c[s]);
for(s=r+1,9,v[s]=0);
for(t=1,k-1,
for(s=1,r,w[s]=v[s]+(binomial(r,s)-binomial(r,s-1))*u[t]^s;
for(j=1,s-1,w[s]=w[s]+
(binomial(r-j,s-j)-binomial(r-j,s-j-1))*v[j]*u[t]^(s-j)));
for(s=1,r,v[s]=w[s]);
q[t+1]=X^r; for(j=1,r,q[t+1]=q[t+1]+v[j]*X^(r-j)))
}
/*reduction to Chern classes of (P^n,D)*/
Reduc(p)=
{
local(j,a);
a=p;
for(j=0,k-1,
a=subst(a,u[k-j],X);
a=subst(lift(Mod(a,q[k-j])),X,u[k-j]));
a
}
/*integration along fibers*/
Integ(p)=
{
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local(j,a);
a=p;
for(j=0,k-1,
a=polcoeff(a,r-1,u[k-j]));
a
}
/*compute Chern classes of degree d logarithmic projective n-space*/
H(n)=
{
local(j,s);
for(s=1,n,
e[s]=d^s;
for(j=1,s,e[s]=e[s]+(-1)^j*(d)^(s-j)*binomial(n+1,j));
e[s]=(-1)^s*e[s])
}
/*evaluation in terms of the degree*/
Eval(p)=
{
local(a,s);
a=p;
for(s=1,r,a=subst(a,c[s],e[s]));
subst(a,h,1)*d
}
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